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Abstract
The reduced vacuum Hamiltonian equations of conformal geometro-
dynamics of compact manifolds in extrinsic time are written. This is
achieved by generalizing the theorem of implicit function derivative to
the functional analysis.
1
1 Introduction
The Hamiltonian dynamics of gravitational field is commonly formulated in
redundant variables in an extended functional phase space as a consequence
of covariant description of Einstein’s theory. A time parameter should be
conjugated to the Hamiltonian constraint. The Hamiltonian formulation of
the theory makes it possible to reveal the physical meaning of geometrical
variables. The problem of writing of the vacuum Einstein’s equations in un-
constrained variables for the compact cosmological models is actual. The
reduced phase space is the cotangent bundle of the Teichmu¨ller space of
conformal structures on compact spacelike hypersurfaces.1 The Hamiltonian
is the volume functional of these hypersurfaces. Hamiltonian dynamics is
constructed in York’s time.2 The problem is that the Hamiltonian density
as volume measure is not expressed in explicit form from the Hamiltonian
constraint (Lichnerowicz–York elliptic differential equation). This makes it
difficult to obtain a Hamiltonian flow. In the present paper we obtain the
Hamiltonian equations of motion. This is achieved by generalizing the theo-
rem of implicit function derivative theorem from the mathematical analysis
to the functional analysis.
Let the spacetime M = R1 × Σt is foliated into a family of space-like
hypersurfaces Σt, labeled by the time coordinate t with just three spatial
coordinates on each slice (x1, x2, x3). The first quadratic form
γ := γik(t,x)dx
i ⊗ dxk (1)
defines the induced metric on every slice Σt. The Hamiltonian dynamics is
built of the ADM - variational functional
SADM =
t0∫
tI
dt
∫
Σt
d3x
(
piij
∂γij
∂t
−NH⊥ −N iHi
)
, (2)
where ADM units: c = 1, 16piG = 1 were used. The variation of the action
(2) by the lapse function N leads to the Hamiltonian constraint expressed
via components of the extrinsic curvature Kij or by the components of the
momentum densities piij:
H⊥ = √γ
(
KijK
ij −K2 −R)
=
1
2
√
γ
(γikγjl + γilγjk − γijγkl)piijpikl −√γR. (3)
2
Here, γ is the determinant of the metric tensor, K is the trace of the extrinsic
curvature tensor K := Kijγ
ij, and R is the Ricci scalar curvature. Varying
the action (2) by the shift functions N i, we get the momentum constraints:
Hi = 2√γ
(∇jKji −∇iK) = −2∇jpiji , (4)
where the connection ∇i is associated with the metric γij.
The variations of the action (2) by the canonical variables pikl(t,x) and
γij(t,x) lead to the kinematical equations:
δ
δpiij
SADM =
∂γij
∂t
= −2NKij +∇iNj +∇jNi
=
2N√
γ
(
piij − 1
2
γijpi
)
+∇iNj +∇jNi, (5)
and to the dynamical equations
δ
δγij
SADM = −∂pi
ij
∂t
= N
√
γ
(
Rij − 1
2
γijR
)
− N
2
√
γ
γij
(
pimnpimn − 1
2
pi2
)
+
2N√
γ
(
piimpijm −
1
2
pipiij
)
−√γ (∇i∇jN − γij△N)
− ∇m
(
piijNm
)
+∇mN ipimj +∇mN jpimi, (6)
where △ := ∇i∇i is the Laplacian.
2 Conformal Decomposition
The equations of motion (5), (6) contain the unknown Lagrange multipli-
ers. To obtain the dynamical variables the conformal transformation are
implemented3
γij := φ
4γ˜ij, φ
4 := 3
√
γ. (7)
To the conformal variables
γ˜ij :=
γij
3
√
γ
, p˜iij := 3
√
γ
(
piij − 1
3
piγij
)
, (8)
where pi := γijpi
ij, we add the canonical pair:
T :=
2
3
pi√
γ
=
4
3
K, H = √γ. (9)
3
Formulae (8) and (9) define the Dirac’s mapping. The Lie–Poisson structure
of the new variables in the extended phase space ΓT [γ˜ij, p˜i
ij;T,H] is the
following
{T (t,x),H(t,x′)} = −δ(x− x′), (10)
{γ˜ij(t,x), p˜ikl(t,x′)} = (δki δlj + δliδkj −
1
3
γ˜klγ˜ij)δ(x− x′), (11)
{p˜iij(t,x), p˜ikl(t,x′)} = 1
3
(γ˜klp˜iij − γ˜ijp˜ikl)δ(x− x′). (12)
The subalgebra (10) of the canonical pair (T,H) is split out of the algebra
(11), (12).
Then we extract the traceless part Aij from the extrinsic curvature tensor
Kij = Aij +
1
3
Kγij .
Under the conformal transformation (7) its components transform according
to
Aij = φ−10A˜ij, Aij = φ
−2A˜ij .
They are connected with the components of the conformal momentum den-
sities
A˜ij = −p˜iij , A˜ij = −p˜iij .
The conformal Ricci scalar R˜ is expressed from the Ricci scalar R:
R = φ−4R˜ − 8φ−5△˜φ,
where △˜ := ∇˜i∇˜i is the conformal Laplacian, and ∇˜i is the conformal con-
nection associated with the conformal metric γ˜ij. The conformal Hamiltonian
constraint (3)
H˜⊥ = p˜iij p˜iijφ−6 + 8φ∆˜φ− R˜φ2 − 3
8
T 2φ6, (13)
and the conformal momentum constraints (4):
H˜i = −2φ−4∇˜j p˜iij − 4
3
φ2∇˜iK. (14)
York proposed the constant curvature condition (CMC) condition:2 T = t
to fix the spacetime slicing. This gauge allowed decompose the conformal
momentum densities into longitudinal p˜iijL and traceless-transverse p˜i
ij
TT parts:
p˜iij := p˜iijL + p˜i
ij
TT .
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The longitudinal part p˜iijL is the constrained part and obtained as a solution
of the linear elliptic differential equations (14).
3 Conformal Hamiltonian Equations of Mo-
tion
Expressing the conformal factor φ via the Hamiltonian density φ = H1/6, we
substitute it into the Hamiltonian constraint (13):
H˜⊥ = 1
2
(γ˜ikγ˜jl + γ˜ilγ˜jk) p˜i
ijp˜iklH−1 + 8H1/6∆˜H1/6 − R˜H1/3 − 3
8
T 2H. (15)
The reduced ADM action (2) then reads
Sreduced =
T0∫
TI
dT
∫
ΣT
d3x
(
p˜iij
∂γ˜ij
∂T
−H[p˜iij, γ˜ij;T ]−N iH˜i[p˜iij , γ˜ij]
)
. (16)
The conformal Hamiltonian density H is a functional of the variables p˜iij ,
γ˜ij and a function of the time T; H˜i are the generators of changing of the
coordinates in the hypersurface. The Hamiltonian
H :=
∫
ΣT
d3xH[p˜iij , γ˜ij;T ] (17)
generates the dynamics of the gravitational field. Unfortunately, we have not
its explicit form. Below, we can find the derivatives of the Hamiltonian (17)
with respect to conformal variables.
The variation of the functional of the conformal Hamiltonian constraint
(15)
H˜⊥ :=
∫
Σt
d3x H˜⊥[p˜iij , γ˜ij;H, T ] (18)
on a slice T is zero:
δH˜⊥ =
∫
Σt
d3x
(
δH˜⊥
δH δH +
δH˜⊥
δp˜iij
δp˜iij +
δH˜⊥
δγ˜ij
δγ˜ij
)
= 0. (19)
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The variation of the Hamiltonian density can be presented as
δH = ∂H
∂p˜iij
δp˜iij +
∂H
∂γ˜ij
δγ˜ij.
After substitution δH into (19) one gets
δH˜⊥ =
∫
Σt
d3x
[(
δH˜⊥
δH
∂H
∂p˜iij
+
δH˜⊥
δp˜iij
)
δp˜iij +
(
δH˜⊥
δH
∂H
∂γ˜ij
+
δH˜⊥
δγ˜ij
)
δγ˜ij
]
= 0.
(20)
Taking into account the independence of the variations, we obtain the deriva-
tives
∂H
∂p˜iij
= −δH˜⊥/δp˜i
ij
δH˜⊥/δH
,
∂H
∂γ˜ij
= −δH˜⊥/δγ˜ij
δH˜⊥/δH
. (21)
The Hamiltonian H generates the phase flow in the phase space Γ[γ˜ij, p˜i
ij ]
on the Poisson brackets (11), (12):
∂
∂T
γ˜ij(x) = {γ˜ij(x), H} =
∫
Σt
d3x′ {γ˜ij(x), p˜ikl(x′)} ∂H
∂p˜ikl
(x′), (22)
∂
∂T
p˜iij(x) = {p˜iij(x), H} =
∫
Σt
d3x′ {p˜iij(x), p˜ikl(x′)} ∂H
∂p˜ikl
(x′)
+
∫
Σt
d3x′ {p˜iij(x), γ˜kl(x′)} ∂H
∂γ˜kl
(x′). (23)
Let us calculate the functional derivative of (18) with respect to Hamiltonian
density:
δH˜⊥
δH(x) = −
1
2
(γ˜ikγ˜jl + γ˜ilγ˜jk)p˜i
ijp˜iklH−2(x)− 1
3
R˜H−2/3(x)− 3
8
T 2
+
8
3
H−5/6(x)∆˜H1/6(x). (24)
The functional derivatives of (18) with respect to the conformal momentum
densities:
δH˜⊥
δp˜iij(x)
= (γ˜ikγ˜jl + γ˜ilγ˜jk)p˜i
klH−1(x), (25)
6
and with respect to the conformal metric:
δH˜⊥
δγ˜ij(x)
= 2γ˜klp˜i
ikp˜ijlH−1 − 8∇˜iH1/6∇˜jH1/6 − R˜ijH1/3. (26)
Substituting the functional derivatives (24), (25), (26) into (21), we get the
partial derivatives. Then, taking into account the algebra (11), (12), we
substitute these partial derivatives into (24), (25) and obtain the Hamiltonian
equations of motion of gravitational field.
∂
∂T
γ˜ij(x) = − 4/H
δH˜⊥/δH
p˜iij(x). (27)
They present the kinematical equations for the conformal variables as (5).
The next are the dynamical equations as (6):
∂
∂T
p˜iij(x) =
4/H
δH˜⊥/δH
γ˜klp˜i
ikp˜ijl
− 8
δH˜⊥/δH
(
2
(
∇˜iH1/6
)(
∇˜jH1/6
)
− 1
3
γ˜ij
(
∇˜kH1/6
)(
∇˜kH1/6
))
− H
1/3
δH˜⊥/δH
(
2R˜ij − 1
3
R˜γ˜ij
)
. (28)
In the present paper we did not make simplifications anywhere, so the
form of the equations looks rather complicated. Their advantage in compar-
ison with the ADM equations (5), (6) is that they do not contain Lagrange
multipliers. They can be useful under considering model problems and per-
turbation theory, since their appearance will be simplified.
4 Conclusion and Discussion
The Ricci flow of three-manifolds was studied in Ref. 3, and the conformal
Ricci flow in Ref. 4. that says about the importance of the subject. In gen-
eral case, the Hamiltonian constraint is an elliptic differential equation for
the Hamiltonian density. For the systems with finite degrees of freedom it
becomes an algebraic equation. For a homogeneous and isotropic minisuper-
space model the reduction was undertaken in Ref. 5, and for an anisotropic
model in Ref. 6. The York’s time is proportional to the Hubble parameter.
7
The global intrinsic time was constructed in Ref. 7. It was achieved by av-
eraging of geometric characteristics by hypersurfaces of constant coordinate
time. The Hamiltonian equations of motion in the intrinsic time are written
in Ref. 8. In this case, the Hamiltonian and time change places. The ad-
vantage of this approach is that one can express the Hamiltonian from the
Hamiltonian constraint explicitly. But it will not be possible to split off the
longitudinal components of the momentum densities.
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